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ABSTRACT 

In  one  of  his  earlier  papers  in  (1990),  the  author  [7]  has  defined  and  studied  several  new  tensors  of  second  and  third 
order.  The  author,  further  in  Ref.  [9]  has  defined  and  studied  several  properties  of  asymmetric  third  order  new  tensor  Djjh 
which  is  similar  to  the  Carton’s  torsion  tensor  [1],  C,,k  of  a  Finsler  space  of  three  dimensions.  This  tensor,  however, 
satisfies  Dtjk  l'  =  0,  Dijk  g'  =  Dt  =  D  Based  on  this  tensor,  author  has  defined  several  other  tensors  including  Qijk  =  DI]k/n, 
similar  to  Pjjk  and  D  tjkh  similar  to  third  curvature  tensor  Sijkk.  The  purpose  of  the  present  paper  is  to  define  and  study  a 
tensor  Ujjkki„  similar  to  second  curvature  tensor  P,^/,  and  V-,jkk  similar  to  a  very  important  tensor  Tijkh,  which  was  introduced 
independently  by  Kawaguchi  [3]  and  Matsumoto  [5]  in  (1972). 

KEYWORDS:  Finsler  Space  F3,  Tensors  Dyk,  Qijk,  Ujjkk  and  Vjjkh 

INTRODUCTION 

Let  F3be  a  three-dimensional  Finsler  space  with  the  Moor’s  frame  (1;,  mj,  n;).  Corresponding  to  this  frame,  the  metric 
tensor,  angular  metric  tensor  and  (h)  hv-torsion  tensors  are  given  by  Matsumoto  [6]  and  Rund  [10]  as 

gij  =  Uj  +  m;  nij  +  ni  nj,  h^  =  m;  mj  +  n^,  (1.1) 

and 

Cyk  =  C(i)  m,  mjmk  +  C(2)nj  n,nk  +  2(ijk)  [C(3)  m,  njnk  -C(2)  m,  m^}  (1.2) 

In  a  three-dimensional  Finsler  space  F3,  h-  and  v-covariant  derivatives  of  the  unit  vectors  1‘,  m1  and  n1  are 
defined  as  [6] 

I'/j  =  0,  m‘/j  =  n‘hj,  n'/j  =  -  m'hj  (1.3) 

and 

T//j  =  L  'hj,  m’z/j  =  L‘‘(-1‘  mj  +  n'vj),  n1^  =  -L1  (l1  nj  +  mVj)  (1.4) 

where  v,  =  v2)3Ye7)J  and  hj  =  H2)3Yey)j. 

In,  general  for  a  tensor  field  Khm,  we  have 

Khm  y  r  =  0rKhm  -  N^AjK11™  +  KkmFkhr  -  KhkFmkr  (1.5) 

and 
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Khm  i/t  =  ArKhm  +  KjmCjhr  -  KhjCjr 

(1.6) 

where  5r  =  8/8xr  and  Ar  =  8/8yr. 

The  second  and  third  curvature  tensors  in  the  sense  of  E.  Cartan  [1]  are  given  by 

Pjjkh  —  ^(i,j)  {  Ajkh/  j+  AikrP  jh  } 

(1.7) 

Sijkh  =  ?(h,k){  AihrA’jt} 

(1.8) 

such  that 

^(h,k) { -f^ijkh }  "  Sjjkh/ o(l -9) 

where  <;(hk){ }  means  interchange  of  indices  h  and  k  and  subtraction. 

The  tensor  Dijk  was  introduced  and  defined  by  Rastogi  [9],  such  that  it 
Dyk  g^  =  Dj  =  D  n;  and  is  given  as 

satisfies  Dl|k  l1  =  0, 

Dijk  =  D(1)  m,  mjmk  +  Dp^  njnk  +  £(ij,k){D(3)  m,  mjnk 

+  D(4)  in,  njnk} 

(1.10) 

where  D(1),  D(2),  D(3)  and  D(4)  are  scalars  satisfying. 

D(2)  +  D(3)  =  D,  D(1)  +  D(4)  =  0 

(1.11) 

Tensor  Uijkh 

Corresponding  to  second  curvature  tensor  of  Cartan  [1],  Pijkh,  we  here  define  the  curvature  tensor  UijH,  as  follows: 

Uijkh  — ^(i,j)  {Ujkh/i"^"  UjkrQjh} 

(2.1) 

From  equation  (1.10),  we  can  get 

Djwi  =  mjmkmh(D(lvi  -  3  D(3)  hi)  +  njnknh(D(2)/i-  3  D(d  h;)  +  X(j.k,h)[mjmknh  {D(3Vi  +  (D(i)  - 
(D(2)  -  2  D(3))  hi}] 

2  D(4))  hj}-  mjnknh  {D(1)/i+ 

(2.2) 

whereas  Qjjk  =  D,jk/0,  can  be  given  as 

Qijk  =  {D(i;/o-  3  D(3)  h0}  m;  mjmk  +  {(D(2yo  ~  3  D(1)  h0)  n;  njnk}+  Xd,j.k)  [{D(3)/o  +  3  D(1)  h0 
2  D(3))  h0j  mi  njnJ 

From  equation  (2.1),  by  virtue  of  (2.2)  and  (2.3),  we  can  obtain 

}  m;  mjnk—  {D(1yo  +  (D(2)  - 

(2.3) 

Uljkh  =  ‘Ayn^m,,  +  2Aijmknh  +  3Aijmhnk  +  4Aijnhnk, 

(2.4) 

where,  we  have  assumed 

1  A;  =  D(iyi  — 3  D(3)  h;,  “A;  =  D(1)/i  +  (D(2)  — 2  D(3))hi, 

(2.5)  a 

A;  =  D(2)/i  -  3  D(i)  h;,  4A;  =  D(3)/i  +  3  D(d  h; 

(2.5)  b 

and 

‘Ao  =  ‘Aj  l1,  2A0  =  2 A;  1',  3Ao  =  3  A,  l1,  4A0  =  4A;  1‘, 

(2.5)  c 
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such  that 

‘Ay  =  Qdj)  [‘Ai  nij  +  4Ai  Uj  +  {Do,  (‘Ao  -  2Ao)  -  (Da,  -  D(4))  4A0}  mj  n,|  (2.6)a 

2Ay  =  Qdj)  [4A;  mj  -  2 A;  Uj  +  {  Dp,  (4Aq  -  3A0)  +  (D(1)  -  D(4))  2Ao  )  Hljlli]  (2.6)b 

3 Ay  =  Qdj)  [%  mj  -  2 A;  Uj  +  {D(4,  (‘Ao  -  2A0)  +  (D(2)  -  D(3))  4Ao)  ttijUj  (2.6)c 

4Ay  =  Qdj)  [2Aj  m,  -  3Ajtii  +  { D(4)  (4A0  -  3A0)  -  (D(2)  -  D(3))  2A0 }  titjUj  (2.6)d 

From  equation  (2.4),  by  virtue  of  equations  (2.5)  and  (2.6),  we  can  obtain 

Uijkh  1'  =  Qjkln  Uljkhg1J  =  0,  (2.7)  a 

U*ij  =  Uy^g121  =  'Ay  +  4Ay,  U*y  +U*j,  =  0,  (2.7)b 

Uykh  -  Uyhk  =  {4A0  (Dp)  -  2D(3j)  +  JA0  D(3)-D(1)(1A0  +  ”A0)} 

(mknh  -  mhnk).(mi  nj  -  mpO-  (2.7)c 

In  general,  mknh^mhnk,  therefore  from  equation  (2.7)  c  we  can  obtain 

Theorem  2.1 


In  a  three-dimensional  Finsler  space  F3,  the  necessary  and  sufficient  condition  for  the  tensor  Uykh  to  be  symmetric  in  k 
and  h  is  given  by  4A0  (D(2)  -  2D(3))  +  3 A0  D(3)-  ('A0  +“A0)  D(1)  =  0. 

In  F3,  it  is  known  that  Matsumoto  [6] 

hikhjh  -  hihhjk  =  (m,  nj  -  m^,)  (mknh  -  mhnk). 

Therefore,  equation  (2.7)  c,  can  also  be  expressed  as 

C(k,h)[Uljkh-  {4A0  (Dp,  -  2D(3))  +  3A0  D(3)-  ('A0+2Ao)  D(1)}hikhjh]  =  0  (2.8) 

It  is  also  known  that  the  tensor  D'ykh  can  be  expressed  as  [9]: 

D  ykh  -  (2  D(1)2  -  Dp,  D(3)  +  D(3f)  (hikhjh  -  hihhjk),  (2.9)a 

Such  that 

D  ik  =  D  ykhg'h  =  (2  D(1)2  -  Dp,  Dp,  +  D,3)2)  hik  (2.9)b 

Therefore,  from  equations  (2.8)  and  (2.9)  a,  we  can  obtain 
Qk,h)[Uykh-  l4A0  (Dp)  —  2D(3j)  +  A0  D(3)-  ('Ao  +~A0)  D(i)}. 

D’ykh  (2  D(1  2  -  Dp,  Dp,  +  Dp ,2)-‘]  =  0  (2.10) 

Hence: 

Theorem  2.2 

In  a  three-dimensional  Finsler  space  F3,  curvature  tensors  Uykh  and  D’ykh  are  related  by  equation  (2.10). 

Also,  from  equations  (2.8)  and  (2.9),  one  can  obtain  after  simplification 
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C(k,h)  {Uijith}  =  -  D’ijkh/o  +  2  D(1)2Ao(hikhjh  -  hihhjk)  (2. 1 1) 

Hence: 

Theorem  2.3 

In  a  three-dimensional  Finsler  space  F3,  curvature  tensor  Uljkh  and  D’y^o  are  related  by  equation  (2.11). 

From  equation  (2.4),  one  can  also  imagine  that  the  tensor  Uykh  can  be  expressed  as  the  difference  of  product  of 


two  tensors  in  the  following  form: 

Uijkh  =  SjicTjh  -  BjkTih,  (2. 12) 

where  we  have  assumed 

Sik  =  a,mk  +  b;nk  (2.13)a 

and 

Tjh  =  djmh  +  ejnh  (2.13)b 

such  that  the  vectors  ai5  bj,  dj  and  ej  satisfy  following  relations: 

'Ay  =  a;dj  -  aj  dj,  2Ay  =  a;ej  -  ajej,  (2. 14)a 

3 Ay  =  bjdj  -  bj  di,  4Ay  =  b^  -  b,c,  (2. 14)b 

Using  equations  (2.6)  a,  b,  c,  d  in  equations  (2.13)  a,  b,  we  can  obtain 

a;dj  -  aj  dj  =  1  A;  mj  +  4  A;  nj  -  1  Aj  nt;  -  4Ajn;  +  A  (m^,  -  m;  nj),  (2.15)  a 

a;ej  -  ajej  =  4  A;  mj  -  2  A;  n,  -  4Aj  m;  +  2Ajn;  +  B  (m^  -  mj  nj),  (2. 15)b 

bjdj  —  bj  di  =  4  A;  nij  -  2A;  nj  -  4Aj  m,  +  2Ajnj  +  C  (m^  -  m;  nj),  (2. 15)  c 


b;ej  -  bje;  =  2 A,  m;  -  ’Ajn,  - 2  A;  m,  +  3Aj  nj  +  E  (m^  -  m;  nj)  (2. 15)  d 
where 

A-  =  D(3)  ('Ao  -  ~A0)  —  (D(i)  -  D(4))  4Ao,  B  =  D(3)  (4A0  — 3 A0)  +  (D< i)  -  D(4))  ~A0, 

C  =  D(4)  (‘ Ao  -  2Ao)  +  (Dp,  -  D,3))  4A0,  E  =  D(4)(4A0  -  3A0)  -  (DP)  -  D(3))  2A0. 

Using  a;  m1  =  a’,  a^1  =  a*,  bj  m1  =  b',  bin1  =  b*  etc.,  in  (2.15)  a,  we  can  get 

a'  dj  -  a,  d’  =  (’A,  m1)  m,  +  (4A;  m1)  nj  -  1  Aj  -  A  n,  (2. 16)a 

a*dj  -  aj  d*=  ('Ajn1)  m,  +  (4A;n‘)nj  -  4Aj  +  A  mj  (2. 16)b 

By  solving  equations  (2.16)  a  and  (2.16)  b,  we  can  obtain  values  of  aj  and  dj  in  the  following  form: 
aj  =  (a’ d*-  a*  d’)'1  [mj  {(‘A;  m>*-  (' A.n1-  A)  a’ }+  n,  {(4A,  m'  -A)  a*-  (4A,n')  a’ }  -  (‘A,  a*-  %  a’)]  (2.17)a 

dj  =  (a’ d*-  a*  d’yVj  {(’Aj  m1)  d*-  (‘A^  +  A)  d’ }+  n,  {(4A;  m‘  -  A)  d*-  (4Ajn‘)  d’ )  +  (4Aj  d’  -  *Aj  d*)]  (2.17)b 

Similarly,  from  equations  (2.15)  b,  c,  d,  we  can  obtain 
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aj  =  (e*  a’  -  a*  e’)‘'[  rtij  { (4 A;  m1)  a*-  (4Aiii‘+  B)  a’ }+  rij  {(2Ajn‘)  a’  -  (2A;  m1  +  B)  a*}  -  (4Aj  a*  +  2Aj  a’)],  (2.17)c 

ej  =  (e*  a’  -  a*  e’)_1[  mj  { (4 A;  m1)  e*-  (4Ajn'  +  B)  e’ }+  nj  {(2Ain1)  e’  -  (2A;  m1  +  B) e*}  -  (2A|  e’  +  4Aj  e*)],  (2.17)d 

bj  =  (b’ d*  -  b*  d’)_1[  mj  { (4A,  m1)  b*  -  (4A,n‘  +  C)  b’ }+  lij  ((2A,n')  b’  -  (2Ai  m'  +  C)  b*}  -  (2Aj  b’  +  4Aj  b*)],  (2.17)e 

dj  =  (b’ d*  -  b*  d’)"’[  mj  {((‘‘Aim1)  d*-  (4Aini  +  C)  d’j+nj  {(2A,n')  d’  -  (2A,  m' +  C)  d*}  -  (2Aj  d’  +  4  A,  d*)],(2.17)f 

bj  =  (b’  e*  -  b*  e’)_1[  mj  {(2A;n‘  -E)  b’  -  (2A;  m1)  b*)+nj  {(3Aimi-E)  b*  -  (^n1)  b’}  +  (3Aj  b’  +2Ajb*)],  (2.17)g 

ej  =  (b’  e*  -  b*  e’)_1[  mj  {(2A,n]  -  E)  e’  -  (2A,  m1)  e*}+  iij  {(3A;  m'  -  E)  e*  -  ("A^1)  e’ }  +  (2Aj  e*+  3Aj  e’)]  (2.17)h 

Remark 

In  equations  (2.17),  we  have  obtained  two  values  each  for  vectors  a;,  b;,  d;  and  ej.  By  equating  these  values,  we  get 

('Ain1-  4 A;  m1  +  A)(e*a’-a*e’)  =  (2Ai  m1  +  4Ajn‘  +  B)(a’d*-a*d’)  2.18)a 

("Ajn1  +  3Ai  m'  -  E)(b’d*-b*d’)  =  (2A,  m'  +  4A,n'  +  C)(b’e*-b*e’)  (2.18)b 

(4Aj  m1  -  'A,n'  -  A)  (b’d*-b*d’)  =  (2A,  m'  +  4A,n'  +  C)  (a’d*-a*d’)  (2.18)c 

("A,  m1  +  4Ajn'  +  B)  (b’e*-b*e’)  =  (2Ain‘  +  3  A,  m1  -  E)  (a’e*-a*e’)  (2.18)d 

Hence: 

Theorem  2.4 

In  a  three-dimensional  Finsler  space  F3,  if  the  tensor  Uy^  is  expressed  as  in  (2.12),  the  coefficients  'A;,  2Ai5  3A;,  4A;  and 

constants  a*,  b*,  d*,  e*,  a’,  b’,  d’  and  e'  satisfy  equations  (2.18)  a,  b,  c,  d. 

U-Ricci  Tensors 

Let  us  assume  that  we  define  two  tensors  with  the  help  of  equation  (2.4)  as  follows: 


iWk  =  uih(1)= 

'  Ay  m'm;,  +  2 Ay  tn'n  ,  +  3 Ay  n  nr  +  4Ay  tfn , 

(3.1) 

and 

1W1  =  Ulk(2)  = 

'Ay  m'mk  +  2 Ay  n'mk  +  3 Ay  m'nt.  +  4Ay  n  nk 

(3.2) 

The  tensors  Ujh("  and  Ujh(2)  are  tensors  similar  to  Ricci-tensors  for  curvature  tensor  P1|kh,  defined  and 
studied  by  Shimada  [11], 

Using  equations  (2.6)  a,  b,  c,  d  and  1  Ay  mJ  =  1  A*h  2A;j  m'  =  2A*j,  3Ajj  mj=  3A*|,  4A;j  mj=  4A*I;  'Ay  n1  =  1  A’|,  2  Ay  n' 
=  2A'k,  3  Ay  n'  =  3A,i  and  4  Ay  n'  =  4A’!,  in  equations  (3.1)  and  (3.2),  we  get 

Ulh(1)  =  ('A*,  +  3A’j)  mh+(2A*i  +  4A’j)  nh  (3.3) 

and 

Ulk(2)  =  ('A*j  +  2A’j)  mk  +  (3A*j  +  4A\)  nk  (3.4) 

where 

'A*i  =  *Ai  -  mi  (‘Aj  mi)  -  n,  (4Aj  ml)  +  {D(3)('A0  -  2A0)  -  24A0  D(1)}  nt,  (3.5)a 
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'A\  =  %  -  m^Aj  nJ)  -  nJ)  -  {D^Ao  -  2A0)  -  24A0  D(1)}  m„  (3.5)b 

2A*t  =  4 A;  -  m^Aj  m>)  +  n,(2Aj  nf)  +  {D(3)(4A0-3A0)  +  2  2Ao  D(1)}  nj,  (3.5)c 

2A’j  =  -2A;  -  m;  (4Aj  nj)  +  n;(2Aj  nJ)  -  j D(3)(4A0-3 A0)  +  2  2A0  D(1)}  rrn,  (3.5)d 

3A*:  =  4 A;  -  m/Aj  nf)  +  n^Aj  mJ)  +  {D(U(2A0  -’Ao)  +  4A0(D(2)-D(3))}n„  (3.5)e 

3A’,  =  -2A,  -  mi(4Ajnj)  +  nj(2Aj  nJ)-  {D(1)(2A0-1A0)  +  4A0(D(2rD(3)) }  m„  (3.5)f 

4A*t  =  -2A;  +  mi(2Aj  mJ)-  ni(3Aj  nf )  +{D(1)(3Ao-4A0)  +  2A0(D(2)-D(3)) K  (3.5)g 

4A’,  =  3A,  +  mi(2Aj  nJ)-  n^Aj  nJ)  +{D(1)(3A0-4A0)  +  2A0(D(2rD(3))}  nt;  (3.5)h 

Using  equations  (3.5)  a,  b,  c,  d,  e,  f,  g,  h  in  (equations  (3.3)  and  (3.4),  we  can  establish 

?(i.h,[Ulh(1)  -  mh(1Ai  - 2 A;)  -  nh(3Ai  +  4At)  -  minh{D(1)(3A0  +  4A0)+  D(2)2A0  -  D(3)3A0j]  =  0  (3.6) 

and 

g(i.h,[Ulh(2)  -  mh(1Ai  -  2A;)  -  nh(3A;  +  4  A;)-  minh{D(1)  (3A0  +  4A0)+  D(2)2A0  -  %>„}]  =  0  (3.7) 

These  tensors  also  satisfy 

Ui0(1)  =  0,  Ui0<2)=  0,  U0h(1)  =  (‘A0  -  2Ao)  mh  +  (4A0  +  3A0)  nh,  (3.8) 

Uoh<->  =  (*Ao  -  -Ao)  mh  +  (3A0  +  4A0)  nh  =  Uoh<U  (3.9) 

Hence: 

Theorem  3.1 


In  a  three-dimensional  Finsler  space  F3,  the  Ricci-tensors  based  on  curvature  tensor  U;jkhand  defined  by  equations  (3.3)  and 
(3.4)  satisfy  equations  (3.6),  (3.7),  (3.8)  and  (3.9). 

Tensor  Vijkh 

We  now  define  a  tensor  Vijktl,  based  on  third  order  tensor  Djjk  as  follows: 

Definition  4.1 

In  a  three-dimensional  Finsler  space  F3,  based  on  third  order  symmetric  tensor  Djjk,  in  analogy  to  tensor  Tljkh,  we  here 
define  the  tensor  Vljkh  as  follows: 

Vjjish  =  L  Dijy/h  +  lh  Djjk  +  lkDijh  +  ljDikh  +  liDju,  (4.1) 

Substituting  value  of  D;jk  from  equation  (1.10),  in  (4.1),  after  some  simplification  by  virtue  of  equation  (1.4),  we  get 

Vijkh  =  ah  m,  mjtnk  +X(i,j,k)  (|3h  m,  mjnk  -  yh  m,  njnk)  +  5hnj  njnk  (4.2) 

where 

oth  =  L  D(iy/h  +  lh  D(1)  -  3  vh  D(3),  (4.3)a 

Ph  =  L  D(3y/h  +  lh  D(3)  +  3  vh  D(1),  (4.3)b 

Th  =  -  (L D(1y/h  +  lh  D(U  +  vh(3  D(2)  -  2D)},  (4.3)c 
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§h  -  L  D(2)//h  +  lh  D(2)  -3  vh  D(u  (4.3)  d 

From  equation  (2.2),  we  can  get  Vph  =  Vjikh,  i.e.,  Vijkh  is  symmetric  in  first  two  indicesi  and  j.  Also 
Vijkh  -  Vljhk  =  m,  mj  (ahmk  -  akmh  +  |3hnk  -  pknh)  +  n,  nj  (yhmk  -ykmh) 


+  (mi  n,  +  nijn,)  (phmk  -  pkmh  +  yhnk  -  yknh), 

(4.4) 

(VIjkh  -  Vijhk)  f'  =  0, 

(4.5)  a 

and 

(Vljkh  -  Vljhk)  g1J  =  D  (vkmh  -  vhmk)  +  (Phnk  -  pknh). 

(4.5)b 

Hence: 


Theorem  4.1 

In  a  three-dimensional  Finsler  space  F3,  tensor  is  symmetric  in  i  and  j  and  satisfies  equations  (4.4),  (4.5)  a  and  (4.5)  b 

In  case  we  assume  that  V,jktl  is  also  symmetric  in  k  and  h,  equation  (4.4)  on  simplification  will  give 

(ah  +  Yh)  mk  -  (ak  +  yk)  mh  +  (5hnk  -  pknh  =  0,  which  by  virtue  of  equations  (4.3)  a,  b,  c  leads  to 

Phmh  +  D  vhnh  =  0  (4.6)a 

or  alternatively 

Phmh  +  D  V2)33  =  0.  (4.6)b 

Hence: 

Theorem  4.2 

In  a  three-dimensional  Finsler  space  F3,  if  the  tensor  is  symmetric  in  k  and  h,  equation  (4.6)  b,  is  satisfied. 

From  equations  (4.3)  a,  b,  c,  d  we  can  obtain 

do  =  ciiilh  =  L  D(1)//0  +  D(1),  p0  =  Phlh  =  L  D(3,//o  +  D(3), 

Yo  =  Yhlh  =  ~  L  D(i)//o  -  D(1),  So  =  Shlh  =  L  D(2y/o  +  D(2) 

ahmh  =  L  D,1)//hmh  -  3  D(3)  v2)32,  Phmh  =  L  D(3)//hml1  +  3  D(1)  v2)32 

Yhmh  =  -  L  D(1)//hmh-  (3  D(2)  -  2  D)v2)32,  Shm1'  =  L  D(2)//hmh  -  3  D(1)  v2)32, 

ahnh  =  L  Dfuz/hn11  -  3  D(3)  v2)33,  Phn1’  =  L  D(3)//hnh  +  3  D(1)  v2>33, 

Yhit1'  =  -  L  D(1y/hnh  -  (3  D(2r  2D)v2)33, 

5hnh  =  L  D(2y/hnh  -  3  D(1)  v2)33,  (4.7) 

which  show 

Theorem  4.3 

In  a  three-dimensional  Finsler  space 

•  cio  +  Yo  -  0.  ii)Po  +  So  =  L  D//0  +  D, 
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•  (cth  +  7h)  mh  +  D  v2)32  =  0,  iv)  (cth  +  yh)  nh  +  D  v2)33  =  0, 

•  (Ph  +  5h)  mh  =  L  D//hmh  and  vi)  (ft,  +  5h)  nh  =  L  D//hnh. 

From  equation  (3.2),  we  can  observe  that 

Vljkhg1J  =  (ah  -  yh)  mk  +  (Ph  +  5h)  nk 

and 

Vljkhgkh  =  (ahmh+  phnh)  m,  mj  +  (Phmh  -  yhnh)  (m;  n,  +  r^n,)  -  (yhmh  -  5hnh)  n,  nj, 
which  by  virtue  of  equation  (4.3)  can  be  expressed  as 

Vijmg^  =  {2(L  D,1)//h  +  lh  D(I))  -vh  (5  D(3)-  D(2)))  mk  +  (L  D//h  +  lh  D)  nk  (4.8) 

and 

Vljkhgkh  =  {L  Djiy/hm11  +  L  D(3)//hnl1  -  3(D(3)  v2)32  —  D(1)  v2)33)}  m;  mj+  {L  D(1y/hmh  +  L  D(2y/hnh  -  3  D(1)  v2)33  +  (3D(2) 
-  2D)v2|32}  nt  nj+  {L  D(3y/hmh  +  L  D(iy/hnh  +  3  D(1)  v2)32  +  (3  D(2|  —  2D)v2)33}.(m!  nj  +  mjnj)  (4.9) 

Hence: 

Theorem  4.4 

In  a  three-dimensional  Finsler  space  F3,  V-tensor  Vijkh  satisfies  equations  (4.8)  and  (4.9). 

From  equation  (4.2),  we  can  also  obtain 

VIjkh  T  =  0,  V1JkhlJ  =  0,  Vijkhlk  =  0,  (4. 10)a 

vijkhlh  =  mi  mj  (a0mk  +  p0nk)  +  (m,  ^  +  mpi)  (p0mk  +  y0nk)  +  nj  njy0mk,  (4. 10)b 

Vljkhg,Jlh  =  p0nk,  V;|V..g‘  1  ,nk  =  0  ,  Vijkhg,Jnklh  =  p0.  (4. 10)c 

Hence: 

Theorem  4.5 

In  a  three-dimensional  Finsler  space  F3,  tensor  satisfies  equations  (4.10)  a,  b,  c. 

Equation  (4.2)  in  a  three-dimensional  Finsler  space  F3,  can  also  be  expressed  as 


V ym  -  Z(i,j,ki  { Ahkhjj  +  Bhkni  nj }  (4.11) 

where  Ahk  and  Bhk  are  second  order  tensors  defined  by 

Ahk={(l/3)ahmk  +  phnk}  (4.12) 

and 

Bhk=  [{(1/3)  5h-ph}  nk-  {(1/3)  ah  +yh}  mk]  (4.13) 

From  equations  (4.12)  and  (4.13)  we  get 

Ahk  +  Bhk  =  (1/3)  5hnk  -  yhmk  (4.14)a 

Aok={(l/3)a0mk  +  p0nk},  (4.14)b 
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Bok=  [{(1/3)  50- Po}  nk—  {(1/3)  a0  +  y0}  mk],  (4.14)c 

which  imply 

Aho  +  Bho  =  0  (4. 15)a 

Aok  +  Bok  =  (1/3)  5onk  -  yomk  (4.15)b 

Substituting  the  values  of  80  and  y0  from  equation  (4.7)  we  get 

Aok  +  Bok  =  (L  D(iy/0  +  D(1))  mk  +  (1/3)(L  D(2y/o  +  D(2))  nk  (4.16) 

Hence: 

Theorem  4.6 


In  a  three-dimensional  Finsler  space  F3,  second  order  tensors  Ahk  and  Bhk  satisfy  equation  (4.14),  and  Aok  and  Bok  satisfy 
equation  (4.16). 

In  any  three-dimensional  Finsler  space  F3,  the  V-tensor  is  defined  by  equation  (4.11),  which  motivates  us  to  give 
the  following  definition  similar  to  T3-like  Finsler  space  [8], 

Definition  4.2 

A  Finsler  space  Fn(n  >3),  shall  be  called  a  V3-like  Finsler  space,  if  for  arbitrary  second  order  tensors  Ahk  and  Bllk, 
satisfying  Ah0  =  0,  Bh0  =  0,  its  V-tensor,  V^,  is  non-zero  and  is  expressed  by  an  equation  of  the  form  (4. 1 1). 

Second  Curvature  Tensor 

Let  Phyk,  be  the  second  curvature  tensor  in  FJ  Matsumoto  [6],  then  the  Ricci  tensors  corresponding  to  them  are  defined  as 


Phk' 1}  =  PV  =  Cm,  -  Cjhk/J  +  PJkrCrjh  -  Prhk  Cr  (5.1) 

and 

Phk,2)  =  PVj  =  Cm,  -  Cjhk/J  +  Crkh  Cr/0  -  PihrC1kj  (5 .2) 

These  tensors  are  non-symmetric  and  satisfy 

Pho(1)  =  0.  Ph0<2’  =  0,  Pok(1)  =  Ck/o  =  Pk,  Pok(2)  =  Ck/o  =  Pk  (5.3) 

If  we  assume  that  the  tensor  Ahk  =  Pi,kll>,  we  can  obtain  by  virtue  of  equation  (5.1)  and  *Vjj  =  V^g1*,  where  *Vy  is 
a  symmetric  tensor 

*Vkh  =4Phk(1)  +  Bhk  +  2  Bhin‘nk  (5.4) 

From  equation  (5.4)  on  simplification,  we  get 

Qh,k)  { Bki  (5‘h  +  2  n‘nh)  -4  (Cm,  +  PSkrCrsh) }  =  0,  (4.5) 

which  leads  to 

Bko  =  B0i  (5‘k  +  2  n‘nk)  +  4Pk  (5.6) 

From  equation  (5.6),  we  can  easily  obtain 
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(Bk0  -  B0k)  mk  =  4  C/o,  (Bk0  -  3  Bok)  nk  =  0.  (5.7) 

Hence: 

Theorem  5.1 

In  a  D3-like,  three-dimensional  Finsler  space  F3,  if  the  tensor  Ahk  is  given  by  Pllk<!),  the  tensor  Bk0  satisfies  equations  (5.6) 
and  (5.7). 

D-Reducible  Finsler  Space  F3 

In  a  D-reducible  Finsler  space  F3,  the  tensor  Dl|k  satisfies  Rastogi  [9] 

Djjk  =  (1/4)  S(ij,k)  {hij  Dk}  (6.1) 

Equation  (6.1)  is  similar  to  the  one  defined  and  studied  by  Matsumoto  [4]  for  a  C-reducible  Finsler  space. 
Equation  (6.1)  implies  that  D(1)  =  0,  D(2I  =  (3/4)  D,  D(3)  =  (1/4)  D,  therefore  from  equation  (2.3),  we  shall  have 

Qijk  =  (1/4)  [D/o  (3  n;  n,nk  +  nt;  mjnk  +  mjmkni  +  mk  m;  nj)-  D  h0(3  m;  mjmk  +  m;  n,nk  +  mjnkni  +  mkn,  n,)]  (6.2) 

From  equations  (6.1)  and  (6.2),  we  can  have 

Qijk  =  D  'D/o  Dijk  -  (1/4)  D  h0(3  mi  mjmk  +  m,  njnk+  m^n;  +  mkn,  nj)  (6.3) 

Following  Izumi  [2],  we  here  give  following  definition: 

Definition  6.1 

A  three-dimensional  Finsler  space  F3,  for  a  constant  X,  shall  be  called,  a  Q*-  Finsler  space,  if  the  tensor  Q]|k  =  X  Dl|k. 

From  equation  (6.3),  we  can  observe  that  for  a  Q*-Finsler  space  F3,  D  1  D/0  =  X  and 

D  h0  (3  m;  mjmk  +  m;  njnk  +  mjnknj  +  mkn;  n,)  =  0,  (6.4) 

which  on  simplification  implies  h0  =  0.  Hence: 

Theorem  6.1 

In  a  D-reducible  Q*-Finsler  space  F1,/,  =  (log  D)/0  and  h0  =  0. 

From  equations  (6.1),  we  can  obtain 

D(1)  =  0,  D(2)  =  (3/4)  D  and  D(3)  =  (1/4)  D,  1  A,  =  -(3/4)  D  h„  2 A,  =  (1/4)  D  h;, 

3 A,  =  (3/4)  D*  4 A;  =  (1/4)  D/|,  *A0  =  -(3/4)  D  h0,  2A0  =  (1/4)  D  ho, 

3A0  =  (3/4)  D/o,  4A0  =  (1/4)  D/0. 

Using  these  values,  we  can  obtain  from  equations  (2.6)  a,  b,  c,  d 

‘Ay  =  gaJ)  {(1/4)D/,  nj  -  (3/4)  D  h;  nij  -  (1/4)  D2  h0  01^},  (6.5)a 

2Aij  =  gW)  {(1/4)  D/i  mj  -  (1/4)  D  h|  nj  -  (1/8)  D  D/0  mjn,},  (6.5)b 

3A,j  =  gaJ)  {(1/4)  D/,  mj  -  (1/4)  D  hi  nj  +  (1/8)  D  D/0  m^},  (6.5)c 
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4A;j  =  g(I,j)  {(3/4)  Dn  n,  -  (1/4)  D  h;  mj  -  (1/8)  D2  h0  m^}.  (6.5)d 

Substituting  from  equations  (6.5)  a,  b,  c,  d  in  equation  (2.4),  on  simplification  we  can  obtain  the  value  of  U^, 
which  easily  gives 

Uijkh  -  Uljhk  =  ( 1/4)  D  D/o  (mjnj  -  m,  nj)  (mhnk  -  mknh)  (6.6) 

From  equation  (6.6)  we  can  obtain 

Theorem  6.2 

In  a  three-dimensional  D-reducible  Finsler  space  F3,  the  symmetry  of  U;jkh  in  k  and  h  will  imply  D/0  =  0. 

From  equation  (2.9)  a,  b  for  a  D-reducible  Finsler  space  F3,  we  get 


D’ijkh  =  -  (D2/8)  (hikhjh  -  hihhjk)  (6.7)  a 

and 

D\k  =  -  (D2/8)  hik  (6.7)b 

while  from  equation  (2.10),  we  get 

g(k,h)  [Uijkh  -  (1/4)  D  D/0  (hIkhjh  -  hihhjk)]  =  0  (6.8) 

From  equations  (6.7)  a  and  (6.8)  we  can  obtain 

C(k,h)  [  Uijkh  +  2  D  ‘D/oD’yuJ  =  0  (6.9) 

Hence: 

Theorem  6.3 


In  a  three-dimensional  D-reducible  Finsler  space  F3,  tensors  Uiju,  and  D’ijkh  are  related  by  equation  (6.9). 

In  case  of  a  D-reducible  Finsler  space,  from  equations  (3.6)  and  (3.7),  on  simplification  we  can  obtain 
C(i.h)[Uih(,)-  D/,nh  +  D{hiinh  +  (3/16)  (D/0  -  D  h0)minh}]=  0  (6.10) 

and 

Ca,h)[Uih(Z)-D/Inh+  D{h,mh  -  (3/8)  D  h0  nyt,}]  =  0  (6.11) 

Hence: 

Theorem  6.4 

In  a  three-dimensional  D-reducible  Finsler  space  F3,  tensors  Ujh(1)  and  Uih<2)  satisfy  equations  (6. 10)  and  (6.1 1). 

In  a  three-dimensional  D-reducible  Finsler  space  F3,  from  equations  (4.3)  a,  b,  c,  d,  we  can  obtain 

<xh  =  -  (3/4)  D  vh,  |3h  =  (1/4)  (L  D//h  +  D  lh),  yh  =  -  (1/4)  D  vh,  6h  =  3  ph, 

a0  =  0,  p0  =  (1/4)  (L  D//hlh  +  D),  y0  =  0,  50  =  3  p0, 

ahmh  =  -  (3/4)  D  v2)32,  phmh  =  (1/4)  (L  D//hmh),  yhmh  =  (1/3)  ahmh, 
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5hmh  =  3  |3hmh,  <xhnh  =  -  (3/4)  D  v2)33,  phnh  =  (1/4)(L  D//hnh), 
yhnh  =  (1/3)  ahnh,  6hnh  =  3  phnh. 

From  equations  (4.8),  (4.9)  and  (4.10)  b,  for  a  D-reducible  Finsler  space  F3,  we  get 
Vljkhg1J  =  (L  D//h  +  D  lh)  nk  -  (3/2)  D  mk, 

Vijkhgkh  =  (1/4)  [(L  D//hnh  -3D  V2)32)  nti  mj  +  (3  L  D^n1’  +  D  v2)32)  n;  nj 


(6.12)a 


+  (L  D//hmh  +  D  v2)33)  (mi  mj  +  ^  n,),  (6. 12)b 

Vljkkhlh  =  (1/4)(L  D//0  +  D)I(I,jik)  {m,  mjnk)  (6.12)c 

Hence: 

Theorem  6.5 

In  a  three-dimensional  D-reducible  Finsler  space  F3,  tensor  V^,  satisfies  equations  (6. 12)  a,  b,  c. 
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